We investigate the final state of zero-temperature Ising ferromagnets that are endowed with single-spin-flip Glauber dynamics. Surprisingly, the ground state is generally not reached for zero initial magnetization. In two dimensions, the system reaches either a frozen stripe state with probability Ϸ1/3 or the ground state with probability Ϸ2/3. In greater than two dimensions, the probability of reaching the ground state or a frozen state rapidly vanishes as the system size increases; instead the system wanders forever in an isoenergy set of metastable states. An external magnetic field changes the situation drastically-in two dimensions the favorable ground state is always reached, while in three dimensions the field must exceed a threshold value to reach the ground state. For small but nonzero temperature, relaxation to the final state proceeds first by formation of very long-lived metastable states, as in the zero-temperature case, before equilibrium is reached.
I. INTRODUCTION

A. Background
Despite extensive study ͓1,2͔, basic questions about the kinetic Ising model with Glauber dynamics remain unanswered ͓3͔. In this paper, we investigate the following: What is the final state of a finite Ising-Glauber spin system when it is quenched from infinite temperature to zero temperature ͓4͔? An infinite system organizes into a coarsening domain mosaic of up and down spins, with the characteristic length scale growing as t 1/2 ͓2͔. For a finite system, this coarsening stops when the typical domain size reaches the system size L. Intriguingly, such a system typically gets stuck in an infinitely long-lived metastable state. In two dimensions, this probability of getting stuck is approximately 1/3 as L→ϱ, while for dу3 the ground state is essentially never reached.
To provide context about the ultimate fate of the IsingGlauber system, consider the limiting cases of dϭ1 and dϭϱ. For a linear chain of length L with pL up spins and (1Ϫp)L down spins, the final state of the system follows from two simple facts. First, the average magnetization is conserved under Glauber dynamics ͓1,5͔ and, second, the only possible final states are all spins up or all spins down; there are no metastable states in one dimension. For the final magnetization to equal the initial magnetization, a fraction p of all realizations must therefore end with all spins up ͑and fraction 1Ϫp must end with all spins down͒. Thus the probability P(p) to ultimately have all spins up is simply P( p)ϭp. A very different result holds in the mean-field limit. For this limit, consider the complete graph, in which each spin interacts equally with every other spin. For any nonzero magnetization, it is energetically favorable for any minority spin to flip so that the majority phase quickly fills the system for p 1/2. Therefore P( p) is simply the step function P(p)ϭ(pϪ1/2).
In two and higher dimensions, the probability that one phase eventually ''wins'' also converges to a step function in pϪ1/2, but with strange anomalies when pϭ1/2. A twodimensional system has a nonzero probability of getting stuck in a metastable state that consists of two or more straight stripes. In greater than two dimensions, the probability that the ground state is reached vanishes quickly with increasing system size ͓4͔. The final state is also not static, but consists of stochastic ''blinkers.'' These are localized spins that can flip without any energy cost. The system wanders ad infinitum on a connected set of equal-energy states defined by these blinkers. In the categorization proposed by Newman and Stein ͓3͔, when dу3 the Ising system is of the ''mixed'' type, because a fraction of the spins flips a finite number of times, while the complementary fraction flips infinitely often.
Imposition of an external magnetic field gives rise to bootstrap percolation phenomena for the evolution of the spins ͓6,7͔. On the square lattice, an infinitesimal field is sufficient to drive the system to the energetically favorable ground state. This corresponds to nϭ3 bootstrap percolation on this lattice ͓6,7͔. On the cubic lattice, the energetically favorable ground state is reached only if the field exceeds a threshold value. For weaker fields, a transition between phase coexistence and field alignment occurs as a function of the initial concentration of field-aligned spins. This transition again can be described in terms of nϭ4 bootstrap percolation on the cubic lattice.
At low positive temperatures the aforementioned metastable states continue to play a significant role in the relaxation toward equilibrium. For example, in dϭ2 and for temperatures up to approximately 0.2T c , there is a large time range for which the relaxation is close to that of the zerotemperature system. If a metastable stripe configuration happens to form, a time of the order of L 3 e 4J/T must elapse, where J is the interaction strength between spins, before the system can escape this metastable state and reach equilibrium. Similarly, metastable states will influence the longtime relaxation even more strongly in higher dimensions. The spins evolve by zero-temperature Glauber dynamics ͓1͔, i.e., the system is quenched from an initial temperature T i ϭϱ to Tϭ0. For each initial configuration, one realization of the dynamics was performed until the final state was reached. We consider d-dimensional hypercubic lattices with linear size L and periodic boundary conditions. Most of our results continue to hold for free boundary conditions and on other even-coordinated lattices. ͑On odd-coordinated lattices stable convex islands of minority spins readily form and the system always freezes into a disordered state ͓3,4͔.͒ Glauber dynamics at zero temperature is implemented by picking flippable spins at random and computing the energy change ⌬E if this spin were to flip. Flippable spins are those with ⌬Eр0. For ⌬EϽ0 or ⌬Eϭ0, respectively, the spin flip is accepted with probability 1 or 1/2. After each such event, the time is incremented by 1/͑number of flippable spins͒. Thus in one time unit each spin attempts one flip on average.
The rest of this paper is organized as follows. In Sec. II we discuss various geometric properties of the final state in two and three dimensions, including the influence of an external magnetic field on the final state, as well as the distributions of final state magnetization and energy. The number of metastable states as a function of the spatial dimension is estimated in Sec. III to illustrate the increasing influence of metastable states as the dimension increases. In Sec. IV, we discuss the finite-temperature evolution in two dimensions and argue that the zero-temperature metastable states continue to play a significant role even when the system is quenched to a temperature TϷ0.2T c . Section V gives a summary and discusses some open questions.
II. FINAL STATE GEOMETRY
We first study P(p), the probability that an Ising system with pL d up spins initially, which is quenched to Tϭ0, ultimately has all spins up. One could imagine three possible outcomes: ͑1͒P(p) is a monotonically increasing function of p. ͑2͒ P(p)ϭ0 for 0рpрp c ; P( p) increases monotonically for p c ϽpϽ1Ϫp c ; P(p)ϭ1 for p c рpр1. ͑3͒ P( p) is the step function P(p)ϭ(pϪ1/2).
In one dimension the first case applies. We argue that in higher dimensions the third case is realized. If so, then additional considerations are needed to determine P(1/2). The behavior at pϭ1/2 is particularly interesting because the concentrations of up and down spins are equal for any initial temperature that exceeds the critical temperature, T c ϽT i рϱ, as long as the magnetic field is zero. Naively, one might expect that the system always reaches one of the ground states in the thermodynamic limit. Up-down symmetry then implies P(1/2)ϭ1/2. Surprisingly, this hypothesis is incorrect for all spatial dimensions dу2. A two-dimensional system does not always reach the ground state, while for d у3 the system never reaches the ground state as L→ϱ.
The crucial difference between one and higher dimensions is that there are numerous metastable states for dϾ1 and no such states for dϭ1. Metastable states are easily visualized in two dimensions, where any straight stripe of width у2 that traverses the entire system is stable at zero temperature ͓4,8͔. Metastable states are geometrically more complex in three and higher dimensions, as will be discussed in Sec. II B.
A. Two dimensions
Stripe state in zero magnetic field
Our simulations indicate that a system with zero initial magnetization reaches a stripe state with nonzero probability as L→ϱ ͑Fig. 1͒. Linear extrapolation of the last four data points for the probability of reaching the stripe state, P str (L), versus L gives P str (ϱ)Ϸ0.315 and 0.344 on the square and triangular lattices, respectively. While an arbitrary even number of stripes is possible, we typically obtain two stripes of similar widths for a square system. Metastable states with more than two stripes rarely appear. For example, the probability of reaching the four-stripe state grows slowly with L but is less than 0.07% for Lϭ200.
We can understand qualitatively the dependence of the probability of obtaining k vertical stripes in the final state, P v (k,A), by analyzing an ALϫL rectangular system and then taking the L→ϱ limit. For example, for aspect ratio Aϭ9 and Lϭ32, the final probabilities P v (k,A) in 10 4 realizations are 0. 0028, 0.101, 0.351, 0.359, and 0.152, for kϭ0, 2, 4, 6, and 8 . There is also a probability 0.034 for a horizontal stripe. In general, the probability P v (k,A) is peaked around k max ϰA. Invoking the assumption of analyticity in A then implies that the probabilities P v (k,A) of k-stripe states are positive for all even k and arbitrary aspect ratio A.
Our data also qualitatively suggest that P v (k,A) decays faster than exponentially in k. This is analogous to the behavior of the number of spanning clusters on large but fixed aspect ratio rectangles at the percolation threshold. In that problem, it has been recently shown that the number of span- ning clusters is greater than 1 ͓11,12͔. We now employ an argument similar to that of Ref. ͓12͔ to estimate the large-k behavior of P (k,A) .
Consider the probability P h (k,A) of reaching a state with k horizontal stripes. Now divide the rectangle into two thinner rectangles each of size ALϫL/2. In the large-k limit, the dominant contribution to P h (k,A) comes from situations where approximately k/2 stripes traverse each of the rectangles. This argument implies P h (k,A)ϳ͓ P h (k/2,2A)͔ 2 , which may be iterated to give
The quantity P h (2,Ak/2) is the probability to have a horizontal stripe in a rectangle of dimension ALϫ2L/k. If we take Lϳk as the original rectangle width, then the subdivided rectangle ALϫ2L/k has a width of order 1. For such a narrow rectangle, a stripe can occur only if it existed initially. This clearly occurs with probability 2 Ϫ2L ϭ2 ϪAk . Thus, substituting P h (2,Ak/2)ϳe ϪAk into Eq. ͑1͒, we deduce that
That is, P h (k,A) has a Gaussian tail and states with a large number of stripes are extremely rare. For a small initial magnetization, an Ising system is dominated by the majority phase. To quantify this we study ͑i͒ the probability M(p,L) that the minority phase wins, that is, the sign of the magnetization in the final ͑ground͒ state is opposite to that in the initial state, and ͑ii͒ the probability S(p,L) that the system reaches a stripe state. Both quantities exhibit scaling when L→ϱ and initial magnetization m 0 →0, with the combination zϵL͉2pϪ1͉ held constant. The best data collapse is achieved with Ϸ1.5 and Ϸ1.35, respectively, for M and S. Further, M(z) appears to decay exponentially in z while S(z) decays more quickly ͑Fig. 2͒. The exponential behavior for M can be inferred by considering the limiting case of p→0. Here a minority spanning cluster exists with probability ϰp L from which M(z) also decays exponentially with z. Therefore in two dimensions the initial majority phase always ''wins'' as L→ϱ and P(p)ϭ(pϪ1/2), just as in the mean-field limit. Thus we expect that P(p) is a step function for all spatial dimensions dу2.
Finite magnetic field
An external magnetic field H strongly affects the fate of the system. On the square lattice and for HϾ2J ͑strong field͒, down spins that have three aligned neighbors can now flip parallel to the field and the system necessarily ends up in the field-aligned ground state. Conversely, for 0ϽHϽ2J ͑weak field͒, only the dynamics of spins that have two misaligned neighbors is modified. In zero field such spins flip with rate 1/2, while in a weak field they flip parallel to the field with rate 1. This means that kinks on interfaces move in only one direction rather than diffusing ͑Fig. 3͒.
The most interesting case is that of weak field and small initial concentration of up spins. The system consists of small clusters of up spins in a background of down spins. Due to the unidirectional motion of kinks on interfaces, clusters of up spins can grow until each fills out its convex hull ͑Fig. 4͒. If the convex hull of one cluster overlaps with either another up cluster or its convex hull, then the resulting aggregate can expand further to fill out this enlarged convex hull. If there is yet another cluster ͑or convex hull͒ within this expansion zone, growth continues.
This growth is closely related to bootstrap percolation ͓6͔, in which a lattice is occupied at initial density 0 , and then all sites that do not have at least n occupied neighbors are removed. This deletion is repeated until no more sites can be removed. The case nϭ3 is closely related to our weak-field system, with spins antiparallel to the field playing the role of occupied sites in bootstrap percolation. In nϭ3 bootstrap percolation, all occupied sites will eventually be removed for L→ϱ, even if 0 is arbitrarily close to 1. Translating this to the Ising system, we conclude that for any nonzero concentration of up spins the system will evolve to the spin-up ground state. 
B. Three dimensions
Blinkers in zero magnetic field
On the simple cubic lattice, the structure of the final state is surprisingly complex. A representative example is shown in Fig. 5 . In the figure, each spin occupies a unit cube ͑only one phase is shown͒. For nearly all initial states with initial concentration of up spins pϭ1/2 ͑much greater than the percolation threshold p c Ϸ0.3116 ͓7͔͒, the final state consists of only two clusters, each of which percolates in all three coordinate directions. For example, for Lϭ20, 30, and 40, the probability that both phases percolate in all three directions equals 0.83, 0.92, and 0.97, respectively. The number of distinct spin clusters almost always equals 2-there are no small clusters of spins.
Generically, this cluster consists of a core three-arm star ͓Fig. 6͑a͔͒, augmented with several straight filaments. The three-arm star permits two clusters of oppositely oriented spins, each devoid of convex corners, to percolate in all three directions. Each arm is oriented along one coordinate direction and joins onto itself so that there are no convex corners. This is the three-dimensional analog of stripes on the square lattice.
Another striking feature of the final state is the presence of stochastic blinker spins that reside in convex corners. The typical geometry of such blinkers is shown in Fig. 6͑b͒ . Here we view the percolating cluster of up spins as a building with an m-story section ͑marked m), an adjacent n-story section ͑with nϾm), and a section ͑marked ϱ) that wraps around the torus in the vertical direction and rejoins the building on the ground floor. The wiggly lines indicate wrapping around the torus in the x and y directions. Thus the arms of this three-arm star cannot shrink under Glauber kinetics. The shaded portion of Fig. 6͑b͒ supports a blinker. This blinker starts at the upper left corner of the shaded region of height m, where it costs zero energy to flip the heavy shaded spin. Once this spin flips, its three nearest neighbors ͓two light shaded and one just above the dark shaded spin in Fig. 6͑b͔͒ can also flip with no energy cost. Continuing this process gives rise to a fluctuating interface in the shaded parallelepiped that is bounded by the states of all spins up and all spins down. Thus a blinking state wanders forever by transitions between connected metastable configurations with the same energy.
Because of the pervasiveness of blinker states, the probability of reaching either the ground state or a frozen metastable state decreases rapidly with increasing system size ͑Fig. 7͒. In fact, we find that the ground state is never reached in 5ϫ10 4 realizations for dϭ3 systems with linear dimension Lу60. The fact that the final state is usually a blinker leads to a subtlety in deciding when the ''final'' state has actually been reached. For dу3, the energy evolves by small decrements separated by increasingly long plateaus. These plateaus are indicative of blinkers and it is not a priori obvious if a plateau extends forever or if it will be terminated by an energy decrement. As a time-saving measure, we consider that the final state has been reached when a simulation reaches 1.1, where is the time of the most recent energy decrement. We verified on medium-size systems that changing the stopping criterion to 5 had a negligible influence on the value of the final energy. This ambiguity in the stopping time also leads to a larger uncertainty in the final magnetization, which is proportional to the fraction of blinker sites.
Finite magnetic field
An external magnetic field again drastically changes the final state of the system. On the cubic lattice there are now two critical field, H 1 ϭ2J and H 2 ϭ4J, which demarcate different behaviors. A weak field 0ϽHϽ2J modifies the dynamics of spins that have three misaligned neighbors-now they can only flip to align with the field. These spins, when flipped, fill in concavities and eventually complete convex corners, as illustrated in Fig. 8͑a͒ . This weak-field regime also corresponds to nϭ4 bootstrap percolation on the cubic lattice ͓6͔, where again clusters of spins antiparallel to the field correspond to occupied sites in the percolation problem. Numerically we find that there is a threshold initial concentration of up spins, p H , below which finite droplets of up spins, with each spin having at least three aligned neighbors, freeze. For pϾ p H , the infilling of concavities leads to repeated mergings of clusters of up spins and the ground state is ultimately reached. Our simulations give p H Ϸ0.25, distinctly less than the site percolation threshold p c Ϸ0.3116.
The intermediate-field regime 2JϽHϽ4J corresponds to nϭ5 bootstrap percolation on the cubic lattice. Here it is possible for a spin adjacent to a straight but concave interface to flip ͓Fig. 8͑b͔͒. This filling ultimately allows a cluster of up spins to systematically expand and fill its convex hull. This then leads to a picture similar to the nϭ3 bootstrap on the square lattice, namely, the coalescence of convex hulls of neighboring clusters leads to a final state where all spins are aligned with the field for any initial magnetization. Finally, in the strong-field regime (HϾ4J), even a single up spin nucleates the growth of additional up spins and the system quickly reaches the ground state with all spins pointing up.
C. Final magnetization and energy distributions
The magnetization and energy distributions are important physical characteristics of the final state. While we have no theoretical understanding of these distributions, numerically we find that these quantities exhibit intriguing behaviors. We hope that these results will trigger future theoretical work.
In two dimensions, we have found that either the ground state or a stripe state, typically with two stripes of approximately the same width, is reached. This qualitative observation can be made more precise by studying the magnetization distribution of the final state. Configurations that reach the ground state give mϭϩ1 or Ϫ1, while configurations that reach the stripe state lead to a continuous component of the magnetization distribution ͓Fig. 9͑a͔͒. The width of this peak gradually narrows as the system size increases but converges to a nonzero limit as L→ϱ.
For dу3, the probability of reaching the ground state is vanishingly small so that there is only the continuous component of the magnetization distribution. For dϭ3, the distribution is much broader than in two dimensions ͓Fig. 9͑b͔͒, with evidence of singular behavior as ͉m͉→1. Based on much less data, we previously suggested ͓4͔ that the magnetization distribution could be fitted by the form 3(1Ϫm 2 )/4. This hypothesis now seems to be incorrect.
We also simulated the magnetization distribution for dϾ3 and find that it becomes systematically narrower as the dimension increases ͓Figs. 9͑c͒ and 9͑d͔͒. The width of the magnetization distribution appears to approach zero as a power law L Ϫ , where Ϸ0.44 in dϭ4 and Ϸ0.94 in dϭ5.
In two dimensions, the distribution of final energy
P(E,L) is a series of ␦-function peaks at energies
Eϭ4n/L, with n a non-negative integer; these correspond to configurations with 2n stripes. Here E is the energy per spin in units of J ͑with Eϭ0 the ground state energy͒. Conversely, for dу3, the distribution P(E,L) becomes smooth in the thermodynamic limit since the separation between adjacent energies decreases as L Ϫd . In dϭ3, the energy distribution exhibits single-parameter scaling, P(E,L)ϭ͗E͘ . This is consistent with FIG. 8 . ͑a͒ Cluster of up spins with a concave trough. The trough is sequentially filled in, for 0ϽHϽ2J, by flipping spins that each have three misaligned neighbors. The dashed cube indicates the spin that is about to flip. ͑b͒ Cluster of up spins with a concave interface. The energy cost of flipping the indicated spin is 4J Ϫ2H; thus, this spin will flip when HϾ2J.
FIG. 9. Final magnetization distribution versus m in 2-5 dimensions. The number of configurations is у10
5 for all system sizes in dϭ2, 4, and 5, and у5ϫ10 the qualitative picture for the geometry of the final state given in Fig. 5 .
In higher dimensions, the energy distribution apparently exhibits two scales ͑Fig. 11͒-the average energy ͗E͘ and the width wϵŠ(EϪ͗E͘)
, which decays faster in L than
͗E͘ itself. In other words, P(E,L)ϭw
Ϫ1
P͓(EϪ͗E͘)/w͔. The average energy per spin appears to approach the ground state energy according to the power law ͗E͘ϳL Ϫ , with Ϸ0.5 in dϭ4 and Ϸ0.4 in dϭ5.
III. NUMBER OF METASTABLE STATES
The fact that the kinetic Ising system with Glauber kinetics is more likely to get stuck in a metastable state in dϭ3 compared to dϭ2 suggests that such states become systematically more numerous as d increases. It is therefore instructive to determine the number of metastable states as a function of the spatial dimension. On the square lattice these metastable states are simply related to the ground state of a one-dimensional Ising model with competing interactions. For 2ϽdϽϱ, we give a simple lower bound for the number of metastable states which shows that such states become more prevalent as d increases. Finally, we compute the number of metastable states on a three-coordinated Cayley tree as an estimate for the number of metastable states when dϭϱ.
A. Finite dimensions
It is easy to verify that the metastable states of the ferromagnetic Ising-Glauber model on an LϫL square lattice with periodic boundary conditions consist of purely vertical or horizontal stripe arrays, with the width of each stripe greater than or equal to 2. As discussed in ͓4͔, these states are essentially identical to the ground states of the axial nextnearest-neighbor Ising ͑ANNNI͒ chain with nearest-neighbor ferromagnetic interaction J 1 and second-neighbor antiferromagnetic interaction J 2 when J 2 ϭϪJ 1 /2 ͓13͔. 
B. Infinite spatial dimension
For infinite spatial dimension, we estimate the number of metastable states by considering the Cayley tree. The Cayley tree is pathological because a finite fraction of sites are on the surface, but it has the virtue of being tractable. We shall exactly enumerate all the metastable states on the Cayley tree and show that their number scales as exp(C ϱ N), as expected from the lower bound from the previous subsection. It is also worth mentioning the alternative of considering either random graphs ͓14͔ or ''thin'' graphs ͓15͔ to model infinite spatial dimension. Both these types of graph are random and the latter additionally satisfy the constraint that every site is connected with a fixed number of other sites. On the random graph system, numerical simulations show that an Ising system on this graph tends to freeze into a metastable state for intermediate values of coordination number ͓14͔. On thin graphs, a computation of the number of metastable states ͓15͔ yields a qualitatively similar result to that of the Cayley tree.
For the Cayley tree, there is a subtlety that depends on the coordination number being even or odd. While oddcoordinated lattice systems exhibit the pathology of metastable freezing for any initial magnetization, evencoordinated lattices naturally give rise to blinker states. Since we are interested in the number of metastable states, we consider only the three-coordinated tree. The fact that the Ising system on this tree necessarily freezes into a glassy final state fits with our expectation for what occurs on d-dimensional hypercubic lattices as d→ϱ ͓16͔. We consider the three-coordinated tree with root at level N ͑Fig. 12͒. Two nodes in level NϪ1 attach to the root site, then four nodes form level NϪ2, etc. To enumerate the number of metastable states M N on an N-level tree, first note that there are two types of spin in any metastable state. For a spin at level n, if the two daughter spins in level nϪ1 agree, then the state of the parent spin is uniquely determined. Conversely, if the daughters disagree, then the state of the spin in level n ͑circled in Fig. 12͒ is determined by that of its parent in level nϩ1. ͑The neighboring spins at level 0 must agree.͒ Let D N and U N be the number of metastable states with the root spin determined and undetermined by their daughters, respectively. By enumerating all possible daughter states and the outcome of the root site, we find that D N and U N obey the recursion relations
subject to the initial conditions D 0 ϭ0 and U 0 ϭ2. For example, the recurrence ͑4͒ expresses the fact that the root spin is undetermined only when two daughter spins are uniquely determined and of opposite sign. Thus U Nϩ1 ϭ2ϫD N ϫ 1 2 D N , where the factor 2 accounts for the fact that the root spin remains undetermined and the factor 1 2 ensures that the root spins in the daughter trees are oppositely oriented.
From the first few terms in these recursion formulas, we see that U N and D N grow very rapidly with increasing N. To obtain their asymptotic behavior, we divide Eq. ͑3͒ by U Nϩ1 and use Eq. ͑4͒ to find the following recursion relation for ⌳ N ϭD N /U N :
The fixed points of this recurrence are at ⌳ 1 *ϭϪ1 and ⌳ Ϯ * ϭ(3Ϯͱ17)/4. Only the fixed point ⌳ ϩ * ϵ⌳ is positive and therefore physically acceptable. This fixed point is also attractive, so that D N /U N →⌳. Thus, on the threecoordinated tree there are ⌳Х1.7808 times more metastable states with determined root spin than with undetermined root spin.
From Eqs. ͑3͒ and ͑4͒, and with initial conditions D 0 ϭ0 and U 0 ϭ2, we obtain D 1 ϭ2 and ⌳ 2 ϭ1/2. Using these values and the recurrence ͑5͒ we numerically determine ␦ϭ1.5658¯.
To complete the derivation of D N and U N we employ Eqs. ͑6͒ and ͑7͒ to find the exact expression for the ratio
͑8͒
Since ⌳ N →⌳, the product on the right-hand side of Eq. ͑8͒ approaches ⌳ as N→ϱ. Together with the fact that
These results should be compared to the total number of the 
IV. FINITE TEMPERATURE
For a system that is quenched from infinite to low but nonzero temperature, equilibrium is eventually reached. However, the approach to equilibrium proceeds in two distinct stages. In the initial stage, the evolution is essentially the same as that of the zero temperature case. Thus in two dimensions the system first relaxes to a metastable stripe state with probability Ϸ1/3. This would be the final state at zero temperature. At finite temperature, however, there is a slow escape from this metastable state whose rate we now determine by a simple geometric approach ͑Fig. 13͒.
The disappearance of a stripe occurs by the following steps. First, a dent is created by flipping a spin at a domain wall. The time required for this event is of the order of e 4J/T , where 4J is the energy cost associated with the spin flip. Once a dent is created, the spin at the dent, as well its two vertical neighbors, are now free to flip. This gives rise to diffusive motion for the two horizontal segments of the dent. Thus the vertical length of the dent performs a onedimensional random walk which terminates when the horizontal segments meet. FIG. 12 . A typical metastable state on a three-coordinated Cayley tree. Circled spins are those whose state is determined by its parent one level higher while boxed spins are uniquely determined by the states of the daughter spins. Clusters of negative spins are joined by dashed lines.
From elementary facts about the first passage of a onedimensional random walk in the presence of an absorbing boundary ͓17͔, the dent recombines with probability (LϪ1)/L and the domain wall returns to its original state, while with probability 1/L the dent expands and ultimately changes the sign of one column of spins. Thus we need L dent creation events before the stripe width changes by Ϯ1. The time needed for this event is of order L e 4J/T . Since the typical width of a stripe is of the order of L, there must typically be L 2 such stripe width hopping events before two interfaces meet and annihilate. Thus the time for a stripe state to disappear is of order ϳL 3 e 4J/T . This time scale greatly exceeds the formation time ͑of order L 2 ) to form a stripe during the initial zero-temperature relaxation stage ͓4͔, so that the asymptotic behavior is controlled by .
Our simulations agree with this prediction even up to T/T c Շ0.2 ͑Fig. 14͒. Here we define the relaxation time as the time for the system to first reach the equilibrium value of the magnetization of the Ising model at temperature T. This relaxation time is dominated by configurations that first reach a stripe state; configurations that avoid the stripe state relax to equilibrium much more quickly.
We can develop a similar argument in three dimensions. Since a typical metastable state has the form of two interpenetrating three-arm stars, let us estimate the time for such a structure to disappear. The lowest energy excitation is to flip of the order of L 2 spins in a planar region to complete an LϫL slab of aligned spins. This excitation then relaxes relatively more quickly to the ground state. The time needed to create this planar barrier scales as exp(4JL 2 /T). However, this time is too long to observe this relaxation mechanism by direct simulations.
V. SUMMARY AND DISCUSSION
Our main result is that a finite homogeneous Ising ferromagnet with Glauber kinetics generally does not reach the ground state when it is quenched to zero temperature. In two dimensions, the final state can be either the ground state or a frozen stripe phase. It is not a priori obvious which of these possibilities can occur in the thermodynamic limit. Our simulations indicate that for zero initial magnetization the probability of ending in a stripe phase is close to 1/3. We also argued that k-stripe states occur with probability P k Ͼ0 for even k, with P k ϳe Ϫk 2 as k→ϱ. A rigorous proof of these results represents a fundamental challenge.
We also tested the universality of our findings by considering different lattices and different boundary conditions. While these changes slightly affect various quantitative results ͑see Fig. 1͒ , they do not affect our major conclusions. We also checked that starting from a specific initial condition ͑for example, the antiferromagnetic initial state͒ and averaging only over different realizations of the dynamics gives essentially identical results to those where we consider one realization of the dynamics for each initial spin state.
A more fundamental test of universality is to consider systems with different dynamical rules that still belong to the universality class of nonconserved order-parameter dynamics. The phase-ordering kinetics of a generic two-phase system with a nonconserved scalar order parameter is generically described by a time-dependent Ginzburg-Landau ͑TDGL͒ equation ͓2͔. In the absence of thermal noise this dynamics is deterministic, while Glauber dynamics is stochastic even at zero temperature. Despite this distinction both dynamics lead to similar final states in two dimensions, viz., TDGL dynamics leads to a stripe state in approximately 30% of the realizations. Strictly speaking, the stripe state is not absolutely stable with respect to the TDGL dynamics: A straight stripe of width W disappears on a time scale of the order of e W , as follows from the analysis of the onedimensional TDGL equation ͓18͔. For a macroscopic system and when W is of the order of L, the relaxation time e W ϳe L is ''infinite'' in any practical sense. Thus, the appearance of stripes in the TDGL equation indicates that this geometrical feature should appear ubiquitously in the lowtemperature relaxation of two-dimensional spin systems with nonconserved dynamics.
In spatial dimensions dу3, the probability that the system reaches either the ground state or a frozen state is vanishingly small ͑again in the most relevant case of zero initial magnetization͒. Essentially all realizations end up wandering forever on connected isoenergy sets of blinker states. The existence of blinkers means that the dу3 kinetic IsingGlauber system belongs to the mixed type according to the Newman-Stein classification ͓3͔. That is, a fraction of the spins flip infinitely often ͑those on blinkers͒, while the rest of the spins flip a finite number of times.
Blinkers appear to be a general feature of discrete-state ferromagnets. For example, they arise readily in the q-state FIG. 13 . Relaxation of a stripe state in two dimensions at small nonzero temperature: ͑a͒ nucleation of a dent ͑freely flippable spins are indicated͒; ͑b͒ diffusive growth of the dent; ͑c͒ dent reaches the system size and hence the domain wall steps to the left. This overall process ultimately leads to the disappearance of the stripe. Potts model with Glauber kinetics, even in two dimensions.
Here zero-temperature Glauber kinetics means that a spin flips to agree with the majority of its neighbors. In cases of a ''tie,'' that is, if half the neighbors of a given spin are in one state and the other half are in another state, then the spin flips to one of these states equiprobably. For the three-state Potts model on the square lattice with equal initial concentrations of all three states, blinker states of the form illustrated in Fig.  15 typically arise. The shaded region can blink between all spins in the A or the C states. While it was previously argued that domains become pinned for quenches to Tϭ0 when q у3 ͓10͔, our simulations of the three-state Potts model indicate that the probabilities of reaching the ground state and a frozen state decrease with increasing system size L and approach zero as L→ϱ. In short, the Potts system gets pinned in a blinking state rather than in a frozen state. One reason that the system does not reach the ground state is that metastable states become more numerous as the spatial dimension increases. We argued that the number of these metastable states scales as exp(N 1Ϫ1/d ) in d dimensions, where N is the total number of spins. Thus a spin system is increasingly likely to first encounter and get trapped in a metastable state before the ground state can be reached as the dimension increases. Associated with the metastable states are a variety of interesting and unexplained features, such as the distribution of magnetization and the distribution of energy. The determination of the number of metastable states for dу3 also appears to be a deep enumeration problem.
At low temperature, the Ising-Glauber ferromagnet necessarily reaches equilibrium, but via a two-stage relaxation process. Initially, the kinetics is nearly identical to that of the zero-temperature case. For those systems that reach a metastable stripe state in two dimensions, there is then a slow approach to equilibrium by the nucleation of defects which cause the stripe boundaries to diffuse, ultimately merge, and thus disappear. Because this kinetics is an activated process, the equilibration time is extremely long and scales as L 3 e J/T . Surprisingly, this two-stage picture persists for temperatures up to 0.2T c in two dimensions. A similar picture arises in higher dimensions, but with astronomically long time scales associated with surmounting metastable barriers and reaching equilibrium.
